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In this paper we consider the dynamics of a massive spinor field in the background of the acoustic
black hole spacetime. Although this effective metric is acoustic and describes the propagation of
sound waves, it can be considered as a toy model for the gravitational black hole. In this manner,
we study the properties of the dynamics of the fermion field in this “gravitational” rotating black
hole as well as the vortex background. We compute the differential cross section through the use
of the partial wave approach and show that an effect similar to the gravitational Aharonov-Bohm
effect occurs for the massive fermion field moving in this effective metric. We discuss the limiting
cases and compare the results with the massless scalar field case.
I. INTRODUCTION
Unruh [1] in 1981 suggested a theoretical method based on the fact that, considering the sound wave motion, a
change of a subsonic runoff for supersonic flow forms an event horizon analogous to an event horizon of a gravitational
black hole. Since then, the study of analog models of gravity [2–4] has become an important field to investigate
the Hawking radiation as well as to improve the theoretical understanding of quantum gravity. For such analog
models there are many examples, so we highlight gravity wave [5], water [6], slow light [7], optical fiber [8] and
electromagnetic waveguide [9]. Specially in fluid systems, the propagation of perturbations of the fluid has been
analyzed in many analog models of acoustic black holes, such as the models of superfluid helium II [10], atomic Bose-
Einstein condensates [11, 12] and one-dimensional Fermi degenerate noninteracting gas [13] that were elaborated to
create a sonic black hole geometry in the laboratory. More specifically, in a quantum liquid the quasiparticles are
bosons (phonons) in 4He and bosons and fermions in 3He which move in the background of effective gauge and/or
gravity simulated by the dynamics of collective modes. These quasiparticles are analogs of elementary particles of
low-energy effective quantum field theory. In particular, phonons propagating in the inhomogeneous liquid can be
described by the effective lagrangian mimicing the dynamics of an scalar field in the curved spacetime given by the
effective acoustic metric where the free quasiparticles move along geodesics. In superfluid 3He-A, the effective quantum
field theory contains chiral fermion quasiparticles where the collective bosonic modes interact with these elementary
particles as gauge fields and gravity. These advances are important for a better insight into the understanding
of quantum gravity. In addition, the study of a relativistic version of acoustic black holes was presented in [14].
Furthermore, the acoustic black hole metrics obtained from a relativistic fluid in a noncommutative spacetime [15]
and Lorentz violating Abelian Higgs model [16] have been considered. The thermodynamics of acoustic black holes
in two dimensions was studied in [17]. The authors in [18, 19] studied acoustic black holes in the framework of neo-
Newtonian hydrodynamics and in [20] the effect of neo-Newtonian hydrodynamics on the superresonance phenomenon
was analyzed.
In 1959, Aharonov and Bohm showed that when the wave function of a charged particle passing around a region
with the magnetic flux, despite the magnetic field being negligible in the region through which the particle passes,
experiences a phase shift as a result of the enclosed magnetic field [21]. The Aharonov-Bohm (AB) effect, that is
essentially the scattering of charged particles, has been used to address several issues in planar physics and it was
experimentally confirmed by Tonomura [22] – for a review see [23]. The effect can also be simulated in quantum field
theory as for example by using a nonrelativistic field theory for bosonic particles which interact with a Chern-Simons
field [24]. More specifically, in [25] was addressed the AB effect considering the noncommutative spacetime and in
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2[26] the effect was obtained due to violation of Lorentz symmetry in quantum field theory.
Furthermore, several other analogs of the AB effect were found in gravitation [27], fluid dynamics [28, 29], optics [30]
and Bose-Einstein condensates [31]. In [28] it was shown that the background flow velocity ~v plays the role of the
electromagnetic potential ~A, and the integrated vorticity in the core Ω =
∫
(~∇×~v) · d~S plays the role of the magnetic
flux Φ =
∫
~B · d~S. Thus, surface waves on water crossing an irrotational (bathtub) vortex experience an analog of
the AB effect. Also, the gravitational analog of the electromagnetic AB effect which is purely classical is related to
the particles constrained to move in a region where the Riemann curvature tensor vanishes. However, a gravitational
effect arises from a region of nonzero curvature from which the particles are excluded.
An interesting system was investigated in [32], where it was shown that planar waves scattered by a draining bathtub
vortex develops a modified AB effect that has a dependence on two dimensionless parameters related to the circulation
and draining rates [33]. It has been found an inherent asymmetry even in the low-frequency regime which leads to
novel interference patterns. More recently in [34], were extended the analysis made in [32] to a Lorentz-violating and
noncommutative background [35] which allows to have persistence of phase shifts even if circulation and draining
vanish.
One of the theoretical methods of investigating the underlying structure of the spacetime is studying the solution
of field equations for the fermion fields, besides the bosonic ones, in a curved geometry. The behavior of matter fields
in the vicinity of black holes results in the better understanding of their properties. Fermion fields were analyzed in a
Kerr black hole, in the near horizon limit, as well as in the case of Reissner-Nordstro¨m black hole [36]. In [37] non-zero
Dirac fermion modes in the spacetime of black hole cosmic string system was considered. The authors studied the
near-horizon behavior of fermion fields which results in superconductivity in the case of extremal charged dilaton
black hole.
Although the effective sonic black hole spacetime is not the one fermion fields would observe, but it can be used
as a toy model and a mathematical tool to study and as a result understand better the dynamics of the massive
and massless fermion fields in a gravitational rotating black hole as well as a vortex background and shed light on
the underlying physics. In the present study we consider the dynamics of a massive Dirac spinor field in a curved
spacetime and apply the acoustic black hole metric to obtain the differential cross section for scattered planar waves
which leads to an analog AB effect. Besides that, we compare the results with the massless scalar field case.
The paper is organized as follows. In Sec. II we briefly introduce the acoustic black hole. In Sec. III we compute the
differential cross section due to the scattering of planar waves that leads to an analog AB effect. Finally in Sec. IV
we present our final considerations.
II. ACOUSTIC BLACK HOLE
The acoustic line element in polar coordinates is governed by
ds2 = (c2 − v2)dt2 + 2(vrdr + vφdφ)dt − dr2 − r2dφ2, (1)
where c =
√
dh/dρ is the velocity of sound in the fluid and v is the flow/fluid velocity. We consider the flow with the
velocity potential ψ(r, φ) = D ln r + Cφ whose the flow/fluid velocity is given by
~v = −D
r
rˆ+
C
r
φˆ, (2)
Thus, equation (1) can be rewritten as follows
ds2 =
(
c2 − C
2 +D2
r2
)
dt2 + 2
(
C
r
dφ− D
r
dr
)
dt− dr2 − r2dφ2, (3)
where C and D are the constants of the circulation and draining rates of the fluid flow. The radius of the ergosphere
given by g00(re) = 0, and horizon, the coordinate singularity, given by grr(rh) = 0 are
re =
√
C2 +D2
c
, rh =
|D|
c
. (4)
We set c = 1, and choose the following change of variables [32]
dt˜ = dt− D
rf(r)
dr, dφ˜ = dφ− CD
r3f(r)
dr , (5)
3where f(r) = 1−D2/r2, and which results in the following line element
ds2 =
[
f(r)− C
2
r2
]
dt˜2 − dr
2
f(r)
− r2dφ˜2 + C
(
dt˜ dφ˜ + dφ˜ dt˜
)
. (6)
Therefore, the metric can be written in the form
gµν =


f(r)− C2/r2 0 C
0 −f−1(r) 0
C 0 −r2

 , (7)
with the inverse gµν
gµν =


f−1(r) 0 Cf−1(r)/r2
0 −f(r) 0
Cf−1(r)/r2 0 −r−2 + C2f−1(r)/r4

 . (8)
We know that this effective metric is acoustic which describes the propagation of sound waves. It is trivial that the
Dirac field does not obey the acoustic metric. In the case it exists in the considered media, it would have its own
metric with its own “speed of light”. We are interested in the dynamics of the fermion field in this background as
a toy model to investigate the physical properties in contrast with the scalar field case. In the following, we study
the scattering of monochromatic planar waves of frequency ω for a massive fermion by the draining vortex, a process
governed by two key quantities; circulation and draining.
III. FERMION FIELD IN THE ACOUSTIC BLACK HOLE BACKGROUND
Now let us consider a spinor filed in the background of the sonic black hole. The dynamics of a massive spinor field
in curved spacetime is described by the Dirac equation
(iγµDµ −Mf )ψ = 0, (9)
where Dµ = ∂µ + Γµ, γµ are the Dirac matrices in curved spacetime and Γµ are the spin connections. Let us choose
the following representation
γ(0) = σ3, γ(1) = iσ2, γ(2) = −iσ1 . (10)
For the geometry at hand, using the relation γµ = eµ(a)γ
(a), the gamma matrices take the form
γ0 =
1√
f
σ3, γ1 = i
√
f
(
sinφσ1 + cosφσ2
)
, γ2 =
C
r2
√
f
σ3 +
i
r
(
sinφσ2 − cosφσ1) . (11)
One can find the triad coordinate using eµ(a)e
ν
(b)η
ab = gµν as
eµ(a) =


1√
f
0 C
r2
√
f
0
√
f cosφ sinφ/r
0 −√f sinφ cosφ/r

 , (12)
where
ηab =


1 0 0
0 −1 0
0 0 −1

 . (13)
The only nonzero Christoffel symbols are
4Γ001 = Γ
0
10 =
C2+D2
r3f Γ
1
00 =
C2+D2
r3 f
Γ012 = Γ
0
21 = − Crf Γ111 = − D
2
r3f
Γ201 = Γ
2
10 =
C(C2+D2)
r5f Γ
1
22 = −rf
Γ212 = Γ
2
21 =
1
r − C
2
r3f
Now, using
Γµ =
1
4
γ(a)γ(b)eν(a)∇µe(b)ν , (14)
one can find the spin connection components for the system as follows
Γ0 =
C2 +D2
2r3
(
cosφ σ1 − sinφ σ2) ,
Γ1 = − C
2r2
√
f
(
cosφ σ2 + sinφ σ1
)
,
Γ2 = − i
2
(
1 +
√
f
)
σ3 − C
2r
(
cosφ σ1 − sinφ σ2) . (15)
In the Dirac equation there appears
γµΓµ = i
(
D2
2r3
√
f
+
(1 +
√
f)
2r
)(
cosφσ2 + sinφσ1
)− iC(1 +√f)
2r2
√
f
. (16)
Now, we substitute the following spinor field in the Dirac equation
ψ =

 ψ1eiφ/2
ψ2e
−iφ/2

 e−iωt+ijφ , (17)
where j = ±1/2,±3/2, ... . Replacing the corresponding parameters in Dirac equation, we obtain[
ω√
f
− C
r2
(
j√
f
− 1/2
)
−Mf
]
ψ1 + i
[√
f ∂r +
(j − 1/2)
r
+
(
D2
2r3
√
f
+
(1 +
√
f)
2r
)]
ψ2 = 0 , (18)
[
ω√
f
− C
r2
(
j√
f
+ 1/2
)
+Mf
]
ψ2 + i
[√
f ∂r − (j + 1/2)
r
+
(
D2
2r3
√
f
+
(1 +
√
f)
2r
)]
ψ1 = 0 . (19)
After decoupling the above equations for ψ1 and ψ2 and considering the change of variables as χ1 =
√
r ψ1 and
χ2 =
√
r ψ2, we get
d2χ1
dρ21
+
[
λ2 +
1/4− n˜2
ρ21
+O[ 1
ρ41
]
]
χ1 = 0 , (20)
d2χ2
dρ22
+
[
λ2 +
1/4− m˜2
ρ22
+O[ 1
ρ42
]
]
χ2 = 0 , (21)
written as a power series in 1/ρ1 and in 1/ρ2, with λ
2 = ω2 −M2f , m = j + 1/2, n = j − 1/2 and
n˜2 = n2 − C(−ω +Mf − 2nω)−D2(ω2 + λ2), (22)
m˜2 = m2 − C(ω +Mf − 2mω)−D2(ω2 + λ2). (23)
In equations (20) and (21), ρ1 and ρ2 are
ρ1 = r +
−2Cm+D2(3ω + 2Mf)
2(ω +Mf )r
+O[ 1
r3
], (24)
5ρ2 = r +
2C − 2Cm+D2(3ω − 2Mf)
2(ω −Mf )r +O[
1
r3
]. (25)
Choosing α = Cω, β = CMf and γ
2 = D2(ω2 + λ2), we have
n˜2 = n2 + 2αn+ (α − β)− γ2 , (26)
m˜2 = m2 + 2αm− (α+ β)− γ2 . (27)
Therefore for large r, ignoring the terms O[ 1
ρ4
1
] and O[ 1
ρ4
2
], one can obtain analytic solutions
χ1 = Jn˜(λρ1), (28)
χ2 = Jm˜(λρ2) . (29)
In the limit r →∞, these two solutions converge to
χ1 = Jn˜(λr), (30)
χ2 = Jm˜(λr). (31)
It is not difficult to show numerically that these solutions besides satisfying the second order equations (20) and (21),
satisfy the first order equations (18) and (19) in the limit r →∞. Comparing this result with the one in the Minkowski
space, we obtain the following approximate expressions for the phase shift for the upper and lower components of the
spinor fields
δu =
π
2
(n− n˜), (32)
δd =
π
2
(m− m˜), (33)
where n = m− 1. For |n|, |m| ≫
√
α+ α2 + β + γ2, one can expand the above expressions. Thus, we obtain
δu =
n
|n|
[
−πα
2
+
π
[−α+ α2 + β + γ2]
4n
− πα
[−α+ α2 + β + γ2]
4n2
+O[ 1
n3
]
]
(34)
δd =
m
|m|
[
−πα
2
+
π
[
α+ α2 + β + γ2
]
4m
− πα
[
α+ α2 + β + γ2
]
4m2
+O[ 1
m3
]
]
. (35)
The first term in both expressions, the dominant contribution, is exactly the same as the bosonic case considered in
[32].
Now, we can calculate the differential scattering cross section which is given by
dσ
dφ
= |fω(φ)|2 , (36)
where
fω(φ) =
√
1
2iπλ
+∞∑
m=−∞
(e2iδm − 1)eimφ . (37)
For the δm when m = 0 one needs to use the eqs. (32-33). Therefore, the differential scattering coss section at long
wavelengths,
√
α+ α2 + β + γ2 ≪ 1, for a massive fermion in the acoustic black hole background is given as follows
dσα≷β+γ2
dφ
=
1
2
(
dσu
dφ
+
dσd
dφ
)
=
π
4λ sin2
(
φ
2
)
[(
α cos
(
φ
2
)
−
√
α+ β + γ2 sin
(
φ
2
))2
−
(
α cos
(
φ
2
)
−
√
−α+ β + γ2 sin
(
φ
2
))(
α cos
(
φ
2
)
±
√
−α+ β + γ2 sin
(
φ
2
))]
. (38)
6Obviously, in the case α = β + γ2 the two expressions for α > β + γ2 and α < β + γ2 are the same. In the absence of
the circulation, the differential scattering coss section reduces to
dσ
dφ
=
π(β + γ2)
2λ
(39)
which is φ independent. This is an expected result, since in the absence of the circulation the only term that contributes
in the long wavelength regime to the differential cross section is m = 0, polar symmetric term. The same happens for
the bosonic case which is equal to πD2ω. In the absence of the circulation, the result for the fermionic case is exactly
the same as the bosonic one in the zero mass limit. The above expression vanishes when the draining is also zero.
This is also an expected result, because without circulation and draining there is no source for the scattering and we
should recover the Minkowski result.
Expanding the expression for the differential scattering cross section in eq. (38) for small angles results in
dσα>β+γ2
dφ
=
2πα2
λφ2
− πα
√
α+ β + γ2
λφ
+O[φ0] , (40)
dσα<β+γ2
dφ
=
2πα2
λφ2
−
πα
(√
α+ β + γ2 +
√
−α+ β + γ2
)
λφ
+O[φ0] . (41)
Therefore, for φ→ 0 and small α the dominant term in the differential scattering cross section is the first term in the
above expression. It means that for small angles the circulation plays more important role compared to the draining.
Using α = Cω and λ = (ω2 −M2f )1/2, the first term in the above expression can be expanded as
dσ
dφ
=
2πC2ω
φ2
(
1 +
M2f
2ω2
+O[M4f /ω4]
)
, (42)
for small Mf/ω. The first term which is the result for massless fermion, matches exactly the one for the massless
boson case.
Now one can compare the results for the fermionic and bosonic case considering a massless fermion, Mf = 0. To
compare these results, we need the same arbitrary energy scale for both cases. We call this energy scale M .
FIG. 1: dσ
dφ
as a function of ωM−1 for two different values φ = pi/5 (left panel) and φ = pi/100 (right panel). The graphs are
plotted for C = 0.01M−1, D = 0.01M−1 and Mf = 0. The solid (dashed) line represents the result for the fermionic (bosonic)
case.
Figures 1-2 show the differential cross section for the massless boson and fermion for two cases φ = π/5 and
φ = π/100 with C = 0.01M−1, choosing D = 0.01M−1 and also the special case where there is no draining, in the
absence of the black hole. As can be seen, the result for the fermionic case tends to the bosonic one for small angles.
Besides that, the left graphs in the Figs. 1-2 show that for the limit ω → 0 the differential cross section for the spinor
field goes to a nonzero constant in contrast with the boson field. To see this more closely let us expand eq. (38) for
small ω where α > β + γ2, which is the case for the graphs in the Figs. 1-2, as
dσα>β+γ2
dφ
=
Cπ
2
− 1
2
(
C3/2π cot(φ/2)
)√
ω +O[ω] (43)
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FIG. 2: dσ
dφ
as a function of ωM−1 for two different values φ = pi/5 (left panel) and φ = pi/100 (right panel). The graphs are
plotted for C = 0.01M−1, D = 0 and Mf = 0. The solid (dashed) line represents the result for the fermionic (bosonic) case.
As can be seen, in the limit ω → 0, the scattering cross section is equal to Cπ/2 for the fermion case which is only
dependent on the circulation. We think this happens due to the fact that the fermionic field has an intrinsic angular
momentum which interacts with the angular momentum of the black hole originating from the circulation.
8IV. CONCLUSION
In this paper, we have studied the differential cross section of a massive spinor field in the background of the acoustic
black hole spacetime, as a toy model for the gravitational rotating black hole, using the partial wave approach. We
have investigated the scattering of planar waves in a fermionic system by a background vortex as an analog for a
rotating black hole. Because of the form of the spinor field which has upper and lower components, we have calculated
the phase shifts for these components separately and then averaged them. We have worked with three dimensionless
parameters α, β and γ related to the circulation, fermion mass and draining, respectively. We have obtained the
differential cross section at long wavelengths and discussed the limiting cases including small angles and also in the
absence of the circulation. One could see that the dominant contribution in the small angle limit for the fermionic
case is exactly the same as the bosonic one when the mass of the fermion is zero. This dominant contribution comes
from the circulation term. Therefore, for small angles the contribution of the circulation is more important than the
draing one. Furthermore, considering the cross section in the absence of the circulation shows that the result is the
same for the bosonic and fermionic cases when the fermion is massless. In this limit, the result is independent of the
angle φ. The reason for that is in the absence of the circulation the only term that contributes in the long wavelength
regime to the differential cross section is a polar symmetric term. Finally, we have shown that in contrast with the
bosonic case in the limit ω → 0, considering α > β+ γ2, the scattering cross section goes to a nonzero constant equal
to Cπ/2 for the fermion case which is only dependent on the circulation.
The similar scattering behavior for both boson and fermion for small angles seems to be in accord with both being
scattered between the horizon and the ergosphere radius. At this regime both enjoys the Penrose effect of gaining
energy after the scattering (the superresonance effect). As Figs. 1-2 (right panel) show, this indeed agrees with the
increasing of the differential cross section as the frequency increases. This precisely happens as long as the frequency
belongs the interval 0 < ω < mΩH , where m is the azimuthal mode number and ΩH is the angular velocity of the
black hole [16, 34]. On the other hand, for large angles, both particles tend to be scattered outside the ergoregion and
in turn they almost keep the scattering constant as Figs. 1-2 (left panel) show. This is particularly more accurate for
fermions. A detailed analysis of the superresonance effect for fermion fields should be addressed elsewhere. Besides
that, in a future work, we plan to study a more realistic model considering the dynamics of the fermionic fields
interacting with a black hole, gravitationaL or an analog in a condensed matter system.
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